In this paper, we propose a wirelessly powered Internet of Things (IoT) system based on the cell-free massive MIMO technology. In such a system, during the downlink phase, the sensors harvest radio-frequency (RF) energy emitted by the distributed access points (APs). During the uplink phase, sensors transmit data to the APs using the harvested energy. Collocated massive MIMO and small-cell IoT can be treated as special cases of cell-free IoT. We derive the tight closed-form lower bound on the amount of harvested energy, and the closedform expression of SINR as the metrics of power transfer and data transmission, respectively. To improve the energy efficiency, we jointly optimize the uplink and downlink power control coefficients to minimize the total transmit energy consumption while meeting the target SINRs. Extended simulation results show that cell-free IoT outperforms collocated massive MIMO and small-cell IoT both in terms of the per user throughput for uplink, and the amount of energy harvested for downlink. Moreover, significant gains can be achieved by the proposed joint power control in terms of both per user throughput and energy consumption.
The main challenge of WPT is the low efficiency due to radio scattering and path loss [8] , [9] . As effective counter measures, MIMO, and especially massive MIMO techniques, have been adopted in WPCNs [10] , so that the sensors can harvest more energy since the RF energy becomes more concentrated. For massive MIMO based WPCN, Wu et al. investigated the asymptotically optimal downlink power allocation strategy to maximize the uplink sum rate [11] . The massive MIMO powered two-way and multi-way relay networks were investigated in [12] and [13] , respectively. However, the performance of cell-boundary terminals is still poor due to the heavy path-loss. The distributed antenna system (DAS) is adopted to reduce the path loss and improve the WPT efficiency. For distributed WPT system, Lee et al. studied the effective channel training method for optimal energy beamforming with and without coordination [14] . Kim et al. proposed a joint time allocation and energy beamforming approach to maximize the energy efficiency of WPCN with DAS [15] .
Recently, cell-free massive MIMO wireless systems attracted intensive research interests. In cell-free massive MIMO, a large number of access points (APs) are distributed over a large area. These APs collaboratively serve a large number of terminals using the same time-frequency resource [16] , [17] . In contrast to collocated (cellular) massive MIMO, cell-free massive MIMO is a user-centric architecture [18] , since each terminal is served by the adjacent distributed APs. Compared with collocated massive MIMO, cell-free massive MIMO typically yields a high degree of macro-diversity and low path loss, since the service antennas are close to the sensors. Ngo et al. derived the closed-form expressions of spectral efficiency and energy efficiency for the downlink cellfree massive MIMO system [19] . To improve the spectral efficiency or energy efficiency, the precoding and power control are investigated in [17] and [20] . In a word, the cell-free massive MIMO can reap all benefits from DAS and massive MIMO. Recently first results on cell-free IoT (IoT based on cell-free massive MIMO) have been obtained in [21] .
Motivation and Contribution: It is intuitively clear that in cell-free IoT systems the sensors can harvest more energy during the downlink power transfer phase and reduce the power consumption during the uplink data transmission phase. Motivated by such double-fold benefits, we consider a cellfree massive MIMO based IoT, in which some active sensors transmit signals to APs using the harvested energy during the downlink wireless power transfer.
Our contributions in this work are two-fold: • We propose the framework of wireless powered IoT based on cell-free massive MIMO. Collocated massive MIMO and small-cell IoT can be treated as special cases of cell-free IoT. We derive the tight closed-form lower-bound on the amount of harvested energy, and the closed-form expression of SINR for three systems (cell-free IoT, collocated massive MIMO, and small cell IoT), respectively. Numerical comparisions show that the cell-free IoT system has the best uplink and downlink performances. • The uplink and downlink power control coefficients are jointly optimized to minimize the total energy consumption while meeting the predefined target SINR. The problem is equivalently decomposed into a linear optimization problem for uplink data transmission, and a quadratic optimization problem for downlink power transfer. Closedform solutions to both problems are provided. The remainder of this paper is organized as follows. In Section II we describe system model and outline our results. In Section III we derive expressions for uplink and downlink performances. In Section IV, we formulate and solve the joint power control problem. Simulation results are given in Section V. Finally in Section VI concludes the paper.
Notation: Throughout this paper, scalars and vectors are denoted by lowercase letters and boldface lowercase letters, respectively. Diag(a) denotes a diagonal matrix with diagonal entries equal to the components of a. |·| and · represent the absolute value and the ℓ 2 norm, respectively. (·) H and (·) −1 denote the conjugate transpose and the inverse operation, respectively.
[A] mm returns the m-th diagonal element of A. CN (m, R) denotes the circularly symmetric complex Gaussian (CSCG) distribution with mean m and covariance matrix R. E[·] and var{·} stand for the expectation and variance operations, respectively.
II. SYSTEM MODEL AND OUTLINE OF RESULTS
We consider a wirelessly powered IoT based on cell-free massive MIMO as shown in Fig. 1 , in which L distributed APs serve a large number of sensors that are randomly located in a large area. Among them, there are K active sensors in a given period. We assume that APs know the active sensors which are indexed as 1, . . . , K. Each AP is equipped with N antennas and each user has a single antenna. The channel coefficient between the k-th sensor and the n-th antenna of the l-th AP is denoted as
where β l,k represents the large-scale fading and is assumed known, and h (l,n),k ∼ CN (0, 1) is the small-scale fading. Denote g g g (l,n) as the channel vector between the n-th antenna of l-th AP and active sensors, and g g g l,j as the channel vector between the l-th AP and the j-th sensor, i.e. g g g (l,n) = g (l,n),1 , · · · , g (l,n),K T ∈ C K×1 , and g g g l,j = g (l,1),j , · · · , g (l,N ),j T ∈ C N ×1 .
All APs connect to a Central Processing Unit (CPU) via a perfect back-haul network and collaboratively serve all users using the same time-frequency resource under TDD operation.
As show in Fig. 2 , we partition communication into periods, and each period includes (λ + 1)Q consecutive coherence time blocks. In each period, the K active users first harvest RF energy emitted by APs over λQ time blocks, and next transmit data to APs in the remaining time blocks using the harvested energy. Each coherence time T c block contains T OFDM symbols, in which τ symbols are used for channel estimation, while the remaining symbols are used for WPT or data transmission.
A. System Model 1) Downlink WPT:
During the τ symbols in each time slot, all K active sensors simultaneously transmit their pilot sequences to all APs for channel estimation. Let ψ ψ ψ k ∈ C τ with ψ ψ ψ k 2 = 1 be the pilot sequence of the k-th sensor. Denote Ψ Ψ Ψ = [ψ ψ ψ 1 , · · · , ψ ψ ψ K ] ∈ C τ ×K , the received pilots y y y (l,n) ∈ C τ at the n-th antenna of the l-th AP is given by
where w w w (l,n) ∼ CN (0, I I I) is the additive noise, and ρ p is the normalized pilot transmit power. Given y y y (l,n) , the channel estimateĝ g g (l,n) is obtained by using the linear minimum mean square error (LMMSE) method. During the remaining symbols in each time slot, the APs use the estimated channels to conduct conjugate beamforming, and simultaneously transmit signals to all sensors. Denote by η l,j the power control coefficients of the l-th AP for the j-th sensor, and by q j ∼ CN (0, 1) the symbol intended for this sensor. The received signal at the k-th sensor is
where v k ∼ CN (0, 1) is the additive noise at the k-th sensor, and
√ η l,jĝ g g * l,j q j is the transmitted signal from the l-th AP with
where N ρ d is the maximum transmit power of each AP. Thus, the total energy consumption during the λQ downlink WPT time blocks is
while the harvested energy of the k-th sensor during the λQ WPT time blocks can be expressed as
where ζ ∈ [0, 1] is the energy conversion efficiency.
2) Uplink Data Transmission: During the τ symbols in each time slot, channel estimation is performed in the same way as the downlink WPT case. During the remaining symbols in each time slot, K users simultaneously transmit their data to all APs. Let ρ u be the maximum normalized transmit power of each sensor. Let ξ j ∈ [0, 1] be the power control coefficient, and s j be the data symbol of the j-th user with E |s j | 2 = 1. Then, the received signal r r r l ∈ C N at the l-th AP is r r r l = √ ρ u K j=1 ξ j g g g l,j s j + n n n l ,
where n n n l ∼ CN (0 0 0, I I I N ) is the additive noise. To detect symbol s k , the l-th AP computesĝ g g H lk y y y l and sends it to the CPU. The CPU employs the equal gain combining (EGC) to detect s k as followŝ
where A 1 is the desired signal, A 2 , A 3 , and A 4 are the beamforming uncertainty, inter-user interference due to the non-orthogonality of the pilots, and noise, respectively. It is not difficult to show that A 1 , A 2 , A 3 , and A 4 are uncorrelated. Hence according to [22] , the worst case is the AWGN channel with the effective noise A 2 + A 3 + A 4 . Thus, similarly as in [16] , the capacity of the k-th sensor is lower bounded by
with the effective SINR
where the expectation is with respect to the small scale fading. In addition, the energy consumption of the k-th sensor during successive Q time blocks for data transmission is
B. Outline of Results
To evaluate the performance of the cell-free IoT, a collocated massive MIMO system and a small-cell system are also considered as benchmarks for comparison. The collocated massive MIMO can be treated as a special case of cell-free IoT, where all L APs are collocated, which implies β l,k = β k , ∀l.
For the small-cell system, we assume that user k is served by only one AP that has the largest β l,k coefficient. We define the following binary association coefficient
Then, the received signal at the k-th sensor during downlink WPT phase (corresponding to (2) of cell-free IoT) is
δ l,j η l,jĝ g g * l,j q j is the transmitted signal at the l-th AP. Similarly as cell-free IoT, during uplink data transmission, the estimate of s k iŝ
Hence, the small-cell system can also be treated as a special case of cell-free IoT withĝ g g l,k = δ l,kĝ g g l,k .
In Section III, we derive the tight closed-form lower-bound of E k in (5) and the closed-form expression of Γ k in (9) as the metrics of WPT and data transmission respectively for the three systems. Numerical results reveal that cell-free massive MIMO achieves higher E k and Γ k given the same power control coefficients. This is because, compared with collocated massive MIMO, the cell-free massive MIMO can achieve more macro-diversity since the sensors are closer to APs; and compared with small-cell, the cooperation between different APs leads to higher array gain.
Then in Section IV, we jointly optimize the downlink and uplink power control coefficients η η η, ξ ξ ξ, and the WPT duration λ to further improve the efficiency of the cell-free IoT. We aim to minimize the energy consumption of APs Ξ tr in (4) while meeting a given target SINR during data transmission supported by the harvested energy.
III. PERFORMANCE ANALYSIS
In this section, we derive tight closed-form lower-bounds on E k in (5) , and the closed-form expressions of Γ k in (9) for cell-free massive MIMO, collocated massive MIMO, and small-cell systems.
A. LMMSE Channel Estimation
According to (1), we have
where
Thus, we have
The estimated channelĝ g g (l,n) includes K Gaussian distributed variables with
and
is the k-th column of A A A l . It is also useful to write explicitly thatĝ
We have the following lemma for the estimator in (11) . Lemma 1: The estimates of channel vectors between different APs and the same sensor are uncorrelated, i.e., cov ĝ g g l,k ,ĝ g g m,k = 0 0 0, m, l ∈ {1, · · · , L} , m = l, k = 1, . . . , K.
Moreover, the corresponding norms are also uncorrelated, i.e., cov ĝ g g l,k 2 , ĝ g g m,k 2 = 0.
Proof: See Appendix A.
B. Results for Cell-free IoT 1) Downlink Power Transfer: Letg g g lk = g g g lk −ĝ g g lk be the channel estimation error. The received signal at the k-th user in (2) can be rewritten as
The amount of energy harvested by the k-th user during λQ successive time blocks can be expressed as
Note that S k1 , S k2 , and S k3 are uncorrelated since we assume that downlink symbols for different users are uncorrelated. Thus, we have E [2ℜ{S k1 (S k2 + S k3 )}] = 0, and this allows us to get the following lower bound for E k as (18) shown at the top of next page, where step (a) is obtained according to Lemma 1 andη l,k = η l,k γ l,k should satisfy K k=1η lk ≤ 1, for any AP l = 1, . . . , L.
according to (3) and (13), where the constant γ l,k is given in (13) , which essentially is the estimate of β l,k .
2) Uplink Data Transmission: Using the method in [21] , we get the following closed-form expression of the SINR given in (9) which is a function of the large-scale fading coefficients and the pilot sequences.
Theorem 1: The effective SINR of the k-th sensor in cellfree massive MIMO with LMMSE channel estimation and EGC receiver is
γ l,k , and
Proof: See Appendix B.
C. Results for Collocated Massive MIMO and Small-cell IoT
The collocated massive MIMO is a special case with β l,k = β k , γ l,k = γ k , andη l,k =η k . So, we have the following corollary.
Corollary 1: For collocated massive MIMO, the amount of energy harvested by the k-th user in λQ successive time blocks is lower bounded as
The effective SINR of the k-th sensor during data transmission phase is given by
Moreover, the small-cell IoT is also a special case witĥ g g g l,k = δ l,kĝ g g l,k and γ l,k = δ l,k γ l,k . Substituting them into (18) and (19), we have the following corollary.
Corollary 2: For small-cell IoT, the amount of energy harvested by the k-th user in λQ successive time blocks is lower bounded as
δ l,k γ l,k , and
IV. JOINT DOWNLINK-UPLINK POWER CONTROL To improve the energy efficiency of cell-free IoT, we aim to minimize the total energy consumption of APs Ξ tr in (4) while meeting a given target SINR by jointly optimize the uplink power control coefficients ξ ξ ξ and the downlink energy allocation µ µ µ = λη η η with µ l,k = λη l,k . Then, we determine the normalized downlink power control coefficientsη η η through minimizing the WPT duration λ. To prolong the lifetime of IoT, the amount of harvested energy in each period of each sensor should satisfỹ
where E k (ξ k ) is given by (10), and E 0 is a constant which can satisfy the basic energy consumption.Ẽ k given in (18) can be rewritten as a function of µ µ µ as follows
According to (3) and (4) and the definition of x x x l , the total energy consumption of APs can be rewritten as
The joint optimization problem is then
where ∆ k is a given target SINR value during the data transmission. Next we show that P0 can be equivalently decomposed into the following two problems.
P1 : min
and P2 : min
P1 is minimization of the total energy consumption K k=1 E k (ξ k ) subject to the target SINR constraint ∆ k for the uplink data transmission, and P2 is minimization of the total energy consumption given the target harvested energy constraints for the downlink WPT.
Theorem 2: Solving P0 is equivalent to solving P1 and P2 in sequence.
Proof: From Theorem 3 below, the optimal solution ξ ξ ξ * to P1 is the point that can simultaneously minimize E k (ξ k ) for all k under the constraints of (24) and (25). That is, for any point ξ ξ ξ ∈ P with P being the feasibility region defined by (24) and (25), we have
Denote the optimal solution to P0 as (ξ ξ ξ # , µ µ µ # ). It is noted that Ξ tr andẼ k (µ µ µ) are monotonically increasing functions w.r.t µ l,k , ∀l, k. Thus, for ξ ξ ξ # = ξ ξ ξ * , we can further reduce µ l,k , ∀l
, and get a new solution (ξ ξ ξ * , µ µ µ * ) with µ µ µ * µ µ µ # which can further minimize the objective function Ξ tr . Hence, the optimal solution to P0 can be achieved only when ξ ξ ξ = ξ ξ ξ * , which implies that solving P0 is equivalent to solving P1 and P2 in sequence.
In what follows, we discuss methods for solving P1 and P2, respectively.
A. Closed-form Optimal Solution to P1
Define the following K × K matrix
We have the following result. Theorem 3: If P1 is feasible with P = ∅, and W W W is invertiable, then the optimal solution ξ ξ ξ * = (ξ * 1 , . . . , ξ * K ) of P1 is given by
In addition, ξ ξ ξ * simultaneously minimizes the energy consumption for each sensor subject to the target SINR constraints, i.e., For anyξ ξ ξ ∈ P 1a , there exists a sufficiently small positive value ν andξ ξ ξ = ξ 1 − ν,ξ 2 , · · · ,ξ K ∈ P 1b such that
Hence, the optimal solution ξ ξ ξ * ∈ P 1b . Using similar arguments we can show that ξ ξ ξ * ∈ P kb for any k, where P kb = {ξ ξ ξ : Γ k (ξ ξ ξ) = ∆ 1 and Γ j (ξ ξ ξ) ≥ ∆ j , j = k} .
Thus, ξ ξ ξ * ∈ P 1b ∩ · · · ∩ P Kb , i.e.,
(31) can be rewritten as
Next, we prove (30). Since E k (ξ k ) is a linear function of ξ k , (30) is equivalent to
We show this by contradiction. Otherwise assume that there exists
Without loss of generality, we assume c 1 < 1 and c k > 0, k = 1. By (31), we have
In order to satisfy
we should have j =1 I 1j ξ ′ j < c 1 j =1 I 1j ξ * j , which implies at least one c k < c 1 , k = 2, · · · , K. Without loss of generality, we assume c 2 < c 1 . Using similar arguments, one can show that at least one c k < c 2 < c 1 , k = 2, · · · , K to satisfy Γ 2 (ξ ξ ξ ′ ) ≥ ∆ 2 . Continuing in this way to satisfying Γ k (ξ ξ ξ ′ ) ≥ ∆ k , k = 1, · · · , K − 1, we conclude that
which implies ξ ξ ξ ′ / ∈ P contradicting to our assumption. Then, we conclude the proof.
To understand Theorem 3, consider the case K = 2. Then, the feasible region P is
Thus, P is the shaded area as shown in Figure 3 . It is straightforward to see that ξ ξ ξ * is the optimal solution which can simultaneously minimize the energy consumption of both sensors, since the feasible region is a cone. 
B. Closed-form Asymptotically Optimal Solution to P2
According to (21) , (22) , and (23), P2 can be rewritten as
Then P2 is non-convex due to the non-linear constraints in (37). Since L l=1 µ l,k γ l,k ≤ L l=1 √ µ l,k γ l,k 2 , we drop the term L l=1 µ l,k γ l,k in (37), to obtain a relaxed problem P2 ′ . Note that for massive MIMO, i.e., when N is large, P2 ′ well approximates P2. It is not difficult to prove that the optimal solution to P2 ′ is obtained only when
It is easily seen that P2 ′ can be decomposed into the following K independent minimization problems for k = 1, · · · , K:
Using the method of the Lagrange multipliers, the closed-form optimal solution to (40) is
It is noted that the optimal solution to (39) is a feasible solution to (36), and approaching the optimal solution to (36) as N grows large. After finding ϑ ϑ ϑ * ,we get µ * l,k = (ϑ * l,k ) 2 . Further, we use µ µ µ * = λη η η to find λ andη η η. To guarantee the power constraints K k=1η l,k ≤ 1, l = 1, · · · , L, we have K k=1 µ * l,k ≤ λ, l = 1, · · · , L.
Thus, the minimum charging duration is
Next we findη * l,k = µ * l,k λ * .
V. NUMERICAL RESULTS
In this section, simulation results are provided to corroborate our theoretical analysis and to illustrate the gain due to our proposed system optimization. We consider a large square hall of 50 × 50 m 2 with wrapped-around to avoid boundary effects. L = 144 APs are placed on the ceiling to form a square array with 12 APs in each column and row. K = 20 active sensors are randomly distributed in this area. The pilot sequences ψ ψ ψ k , k = 1, · · · , K, are randomly generated and fixed for all simulations. The parameters of the channel model is set according to [21] . The large scale fading coefficient β l,k is modeled as β l,k = L l,k 10 σ sh z l,k 10
where L l,k (dB) is the path loss and 10 σ sh z lk 10 is the shadow fading with standard deviation σ sh = 8dB and z l,k ∼ CN (0, 1). Similar to [16] , we use the three-slope path-loss model .
with d 0 = 10m, d 1 = 50m, and where f = 1900MHz is the carrier frequency, h AP = 7m and h s = 1.65m denote the antenna height of APs and sensors, respectively. The transmit power is normalized by the noise power, which is given by where k B = 1.381 × 10 −23 J/K is the Boltzmann constant and B is the bandwidth. T 0 = 290K and κ = 9dB denote the noise temperature and the noise figure, respectively. To evaluate the spectrum efficiency, we use the per user throughput defined as
To account for the energy consumption due to pilots and circuits, E 0 in (21) is set as
where ρ 0 = 0.1 mW is the ideal power consumption of each sensor, and λ 0 = 50 is the maximum WPT duration allowed to guarantee the spectrum efficiency. In all examples, we choose the system parameters listed in Table I . In addition, We fixed the time of data transmission in each period is one second, which implies that Q = 1/T c = 5.
We first verify the accuracy of the closed-form expressions E k in (18) and Γ k in (19) for cell-free IoT systems for one realization of large-scale fading {β l,k }. In Figure 4 , the lower boundsẼ k , k = 1, · · · , K in (18) , are compared with the simulation results obtained by (5) using 500 small-scale fading channel realizations, under the uniform power control, i.e., η l,k = 1/K, ∀l, k. It is seen that the gap between the lower-boundẼ k and the simulation result is less than 10%. This is because (17) as N is large. In Figure 5 , the closed-form Γ k in (19) is compared with the simulation results obtained by (9) using 500 small-scale fading channel realizations with full transmit power, i.e. ξ k = 1, ∀k. It is seen that the closed-form expressions match well with the simulation results.
Next, we compare the uplink and downlink performances of three systems which are cell-free IoT, collocated massive MIMO, and small-cell IoT for 200 realizations of large-scale fading {β l,k }. Figure 6 shows the cumulative distribution function (CDF) of the amount of energy harvested per second, i.e., E k /(λQ), for three systems. For cell-free IoT and collocated massive MIMO systems, the uniform power control scheme is adopted. For small-cell IoT, the k-th sensor is powered by its associated AP, i.e.,η l,k = 1 if δ l,k = 1. It can be seen that, the harvested energy of small-cell IoT is smaller than that of the other two systems due to the lower array gain. For collocated massive MIMO, the amount of harvested energy of the cell-boundary sensors is typically small, while that of the sensors adjacent to the AP is very high. Compared with the collocated massive MIMO, the distribution of the harvested energy in cell-free IoT is more concentrated, which result in the substantial improvement of the 95% likely performance. From Figure 6 , it can be seen that the 95% likely performance of cell-free IoT is about 5 times higher than the collocated massive MIMO. Figure 7 plots the CDF of the effective SINR for three scenarios with full transmit power, i.e., ξ k = 1, ∀k.
Similarly as the amount of energy harvested, the distribution of effective SINR is more concentrated, and the 95% likely performance is significantly higher than that of the collocated massive MIMO and small-cell IoT. Finally, the performance of our joint downlink and uplink power control method is investigated. For comparison, we take the no power control scheme with ξ k = 1, ∀k andη l,k = 1/K as the benchmark. The result is taken over 200 realizations of large-scale fading {β l,k }. Figure 8 shows the total energy consumption Ξ tr given in (23) to support data transmission with given target SINR ∆ k = 30, ∀k,. It can be seen that, the total energy consumption Ξ tr can be reduced by about 30% using the joint downlink and uplink power control. On one hand, the energy consumption of each sensor can be reduced greatly to support the given target SINR using the uplink power control. On the other hand, the total energy consumption can be further reduced through the downlink power control. The CDF of the per user throughput is plotted in Figure 9 . It can be seen that the per user throughput can be improved by 100%, compared with the benchmark. In a word, the energy efficiency can be greatly improved through our joint power control method, in terms of both per user throughput and Fig. 8 . Performance gain due to joint power control in terms of total energy consumption Ξtr to support data transmission with given target SINR ∆ k = 30, k = 1, · · · , K in each period. energy consumption.
VI. CONCLUSIONS
In this paper, we have propose a wirelessly powered cellfree IoT system and obtained the closed-form expressions of the downlink and uplink performance metrics, i.e., the amount of harvested energy for downlink, and the SINR for uplink. To minimize the total transmit power consumption under the given SINR constraints, we proposed the joint downlink and uplink power control and provided closed-form solutions. Numerical results indicate that the proposed cell-free massive IoT system significantly outperforms its collocated massive MIMO and small-cell counterpart in terms of both downlink and uplink performances. And the proposed joint power control further boost the system performance.
By definition of ℓ 2 norm, we have 
where (a) is obtained by (48). Thus, we have cov ĝ g g l,k 2 , ĝ g g m,k 2 = 0.
(49)
B. Proof of Theorem 1
Proof: First, we compute the power of A 1 . Sinceĝ g g l,k and g g g l,k are independent, we have
Next, we compute the power of A 2 . Sinceĝ g g l,k andg g g l,k are independent, and E ĝ g g l,k 4 = E ĝ g g l,k 2 2 + D ĝ g g l,k 2 = N (N + 1)γ 2 l,k , the power of A 2 can be expressed as (51) given at next page, where step (a) is obtained by using Lemma 1. Then, the power of A 3 can be expressed as
where E | L l=1ĝ g g H l,k g g g l,j | 2 can be calculated as (53) shown at next page, with step (a) is obtained by the equation (54) shown at next page. Substituting (53) into (52), we obtain (55) shown at next page.
Finally, we compute the power of A 4 . Due to the independence ofĝ g g l,k andg g g l,k , we have 
Plugging (50),(51),(55), and (56) into (9), we obtain (19) .
E ĝ g g H l,k g g g l,k − E ĝ g g H l,k g g g l,k ĝ g g H m,k g g g m,k − E ĝ g g H m,k g g g m,k
= ρξ k N n=1 L m=1 E ĝ g g H l,k g g g l,kĝ g g H m,k g g g m,k −ĝ g g H lk g g g l,k E ĝ g g H m,k g g g m,k − E ĝ g g H l,k g g g l,k ĝ g g H m,k g g g m,k + E ĝ g g H l,k g g g l,k E ĝ g g H m,k g g g m,k
= ρξ k L l=1 L m=1 E ĝ g g H l,k ĝ g g l,k +g g g l,k ĝ g g H m,k ĝ g g m,k +g g g m,k − ρξ k N 2 g g g H l,i g g g l,j g g g H l,ī g g gl ,j a a a T l,k ϕ ϕ ϕ * i a a a T l,k ϕ ϕ ϕ * E g g g H l,i g g g l,j g g g H l,ī g g gl ,j =                E g g g l,j 4 = N (N + 1)β 2 l,jl = l,ī = i = j E g g g H l,j g g g l,i 2 = N β l,j β l,il = l,ī = i = j E g g g l,j 2 g g gl ,j 2 = N 2 β l,j βl ,jl = l,ī = i = j 0 otherwise 
